Power spectrum density (PSD) is a quite important tool in signal processing, since you can get the frequency components of the random signal by power spectrum analysis. Here we discuss the application of backward conjugate signal/sequence in power spectrum estimation. During the research, we noted that the backward conjugate signal/sequence can improve the performance of PSD estimation with low SNR and even small sample size. We hope that the results of this paper can give some inspiration to students who are studying digital signal processing.
Introduction
Currently, "Modern digital signal processing" is an important fundamental graduate course in the discipline of signal and information processing in the University of Electronic Science and Technology of China. One of the important chapters of this book is the analysis of power spectrum and signal frequency estimation methods, and many estimation methods are introduced here [1] .
We usually refer to the estimation method based on the correlation function Fourier transform as the classical power spectrum estimation. Whereas the parameter model estimation method and the signal frequency estimation method based on correlation matrix eigenvalue decomposition are known as modern power spectrum estimation methods. In fact, most power spectrum estimation methods adopt some assumptions. If these assumptions are not satisfied, it may lead to some severe consequences. For example, in the process of solving parameters of AR model, we need to reasonably estimate the model order, otherwise the accuracy of parameter estimation may be affected. When the signal frequency components are highly similar (the signal is coherent in DOA problem), the performance of classical MUSIC algorithm and MVDR algorithm declines sharply or even fails completely. Therefore, in order to further improve the performance of power spectrum estimation, many solutions have been proposed, such as a fast algorithm based on the forward-backward linear prediction (FBLP) [2] . In order to achieve high resolution proposed an improved MUSIC algorithm [3] and minimum variance distortless response (MVDR) -like TOA estimation algorithm [4] .
In seeking the optimal PSD estimation method，the time transposed conjugated signal is uesd to achieve a better performance in this paper. This method uses the time transposed of the original input signal and theoretically expands the sample size to provide more prior information and cross-correlation information, thus improving the performance of power spectrum estimation to some extent.Moreover, the method can be applied to estimate the Direction of Arrival(DOA).
Definition and Properties
The set of contiguous time series observations     xt represents a wide-sense stationary process, then its time transposed conjugated image as specified by
yt will also be wide-sense stationary for any choice of the fixed variable s . Particularly, upon selecting 1 sM  , the time transposed conjugated sequence generated by the original observation set is
where M is the size of observations. We can also represent the observation sequence as a signal vector
, then the vector form of time transposed conjugated signal is
where M J is the commutative matrix of order M in which the sub diagonal elements are ones, and the remaining elements are zeros. The autocorrelation sequence and autocorrelation matrix of this time transposed conjugated image is readily found to be identical to that of the original time series
. MM yx C   R =R (5) and the power spectral density function of time transposed conjugated sequence
moreover, the backward sample autocorrelation matrix estimate will take the form like
Time Transposed Conjugated Signal of AR Model
The power spectrum estimation based on parameter model transforms the function estimation problem into the model-based parameter estimation problem by using the observation sample to estimate the parameters of the model first. We consider the parameter model of autoregressive (AR)
here v is the white noise with mean of zero and variance of 2 v  .The parameter vector a is estimated to obtain the power spectrum estimation equation based on the AR model   
Next, we derive three parameter estimation algorithms of FLP, BLP and FBLP based on the Least Squares (LS).
The AR model (8) is written in matrix form (11) According to the LS, the FLP is estimated as follows:
Then the time transposed conjugated sequence is used to obtain the parameter estimation of BLP 
Theoretically, the estimated performance of FBLP is better than that of FLP and BLP. The most intuitive explanation for this problem is that the original N sample sizes are expanded to 2*N sample sizes. It implies that we use the time transpose conjugate signal to increase the sample volume in the estimation method based on data observations. Then another method of parameter estimation by solving the Y-W equation is discussed. The yule-walker equation can be expressed as 
Time Transposed Conjugated Signal of MVDR
Consider a transverse filter with M weights (taps). The basic idea of MVDR is to select the optimal weight vector to minimize the filter's response to undesired signals and noise. The power spectrum estimation of MVDR is expressed as
Similarly, we can use the average forward-backward sample autocorrelation matrix to obtain the PSD.
In the above methods based on second-order statistics R , the additional autocorrelation estimation fidelity achieved in using this time transposition approach typically results in a marginal improvement in spectral estimation performance. This is due to the fact that each of the entities NN H YY and NN H XX will contain lag products not found in the other [5] . In other words, the backward sample autocorrelation matrix can provide more information than using only the forward sample autocorrelation matrix. It is noted that in the DOA estimation of array signal processing, the forwardbackward average MVDR or MUSIC methods can also be applied to coherent signals. However, the method of backward sequences do not always perform well in PSD estimation. For instance, the forward and backward sequences will get the same spectral estimate in the periodogram because the square of the modulus is taken in the method.
Experiment
We simulated FLP, BLP and FBLP based on AR model. Assuming the model order n = 5, Monte Carlo is 500 times. And the PSD amplitude estimation results of such three algorithms under the Least Square criterion are obtained. It was shown that the spectrum estimation based on FBLP algorithm is more fitting with the original power spectrum, so the power spectrum estimation effect is better. We also compared the RMSE of parameter estimation of three algorithms based on LS and Y-W equation under different sample sizes. Compared with BLP and FLB, the RMSE of FBLP is relatively small, especially in small sample size.
Then, we verified the application of time transposed conjugated signal in MUSIC. Due to the spectral estimation results obtained by forward signal and backward signal are completely consistent, so we only compared the results of forward algorithm and forward-backward averaging algorithm.
Experiment results show that the forward-backward averaging algorithm has higher resolution compared with the forward algorithm. With a small sample size, the forward-backward averaging algorithm can still achieve a high resolution.
A simple experiment on MVDR was also performed. From the results of MVDR, we can draw a conclusion that the forward-backward averaging algorithm has a better performance compared with the forward algorithm. While the improvement was not significant with large sample size.
Summary
In this lecture note, we discuss the application of time -transposed conjugate sequences in spectral estimation. Experimental results show that this backward sequence can improve PSD estimation performance. We hope that this paper may inspire students to find the best spectral estimation method.
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